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Abstract 
Bandelt, H.-J. and H.M. Mulder, Pseudo-median graphs: decomposition via amalgamation and 
Cartesian multiplication, Discrete Mathematics 94 (1991) 161-180. 
A graph is pseudo-median if for every triple u, v, w of vertices there exists either a unique 
vertex between each pair of them, if their mutual distances um up to an even number, or a 
unique triangle whose edges lie between the three pairs of u, v, w, respectively, if the distance 
sum is odd. We show that every finite pseudo-median graph can be built up by successive 
amalgamations of smaller pieces. The building stones themselves are certain Cartesian products 
of wheels, snakes (i.e., path-like 2-trees), and complete graphs minus matchings. 
1. Introduction 
Quite a number of classes of graphs have been studied that admit a 
construction from specified building stones using some composition procedures. 
Here we consider pseudo-median graphs, which generalize median graphs to the 
nonbipartite case. By definition, a median graph G is a graph in which every 
triple u, V, w of vertices admits a unique vertex X-the median of u, v, w-that is 
simultaneously on shortest paths from u to v, from u to w, and from v to w. It is 
evident that the existence of such a vertex x for each triple forces 4; to be 
bipartite, because the sum d(u, v) + d(u, w) + d(v, w) of distances between 
u, v, w is twice the sum d(u, x) +d(v, x) + d(w, x), and hence is an even 
number. Now, what type of ‘pseudo’-median property could one expect for a 
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Fig. 1. Median and pseudo-median. 
triple U, u, w in a nonbipartite graph whenever d(u, v) + d(u, W) + d(v, W) is 
odd? One such generalization amounts to the existence of a unique triangle that is 
‘in between’ the triple, i.e., there are mutually adjacent vertices X, y, z such that 
X, y lie on some shortest path from u to v, and X, z lie on one from u to w, and 
y, 2 lie on one from 21 to w; see Fig. 1. Such a triple X, y, z is called a 
pseudo-median of u, v, w. A graph is a pseudo-median graph if every triple of 
vertices admits either a unique median or a unique pseudo-median (depending on 
the parity of the distance sum of the triple). 
Another generalization of median graphs to the nonbipartite case has been 
studied in 19,111, viz. that of ‘quasi-median’ graphs. Loosely speaking a 
quasi-median of u, v, w is a pseudo-median X, y, z, where each edge in the 
triangle is replaced by a path of length k, the ‘size’ of the quasi-median. Different 
triples can have quasi-medians of different sizes. So in the Cartesian product of 
two pseudo-median graphs sizes zero up to two may occur. Since K4 minus an 
edge is forbidden in a quasi-median graph not all pseudo-median graphs are 
quasi-median. 
Several algebraic features of median graphs carry over to those graphs, but not 
to pseudo-median graphs (e.g., such as closure under Cartesian products). But 
still some part of the rich structure theory of median graphs (consult [l, 3, g-131) 
generalizes to pseudo-median graphs. Let us focus on a specific composition 
scheme for median graphs, introduced by Isbell [9]; cf. van de Vel [ 121. A graph 
G is said to be an amalgam of two induced subgraphs G, and G2 if their union is 
G and their intersection is non-empty. A subgraph of G is called coytuex if it 
contains every shortest path of G joinin_g two vertices in the subgraph. Note that 
convex subgraphs are induce& Then every finite median graph is obtained from 
a collection of hypercubes by successive amalgamations of convex subgraphs. We 
aim at a similar structural characterization of pseudo-median graphs. To do so, 
we must restrict the types of amalgamations that are permitted, and replace the 
set of building stones by wheels, snakes, and hyperoctahedra; see Fig. 2. 
A wheel consists of a circuit and an extra vertex adjacent to all vertices of the 
circuit. A snake is a 2-connected chordal graph G such that for every triangle A in 
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Fig. 2. A wheel, a snake, and a hyperoctahedron. 
G there are at most two triangles sharing an edge with A and no edge is in three 
triangles. A hyperoctuhedron is a complete graph minus a perfect matching, that 
is, the join of copies of the edgeless graph & with two vertices. Every connected 
induced subgraph of a hyperoctahedron (that is to say, every complete graph 
minus a matching) is also a pseudo-median graph. The Cartesian product of a 
hypercube with a wheel, or a snake, or a complete graph minus a matching, 
respectively, is again a pseudo-median graph. Now, the latter three types of 
graphs constitute the building stones by which all finite pseudo-median graphs are 
constructed. As in the case of median graphs we use amalgamations along convex 
subgraphs-but where these subgraphs must satisfy an additional requirement 
(which is automatically satisfied for median graphs), viz.: we may only amalgam- 
ate along gated subgraphs (‘gated’ sensu Goldman and Witzgall [7]; cf. also [2]). 
The notion of gated graph will be introduced in Section 4. 
We briefly outline the contents of the paper. Section 2 contains some basic 
equivalent descriptions of pseudo-median graphs and several lemmata required in 
the sequel. In Section 3 we consider particular classes of pseudo-median graphs 
defined by forbidden isometric subgraphs. The general situation is taken up again 
in Section 4. It is shown to be essential whether an edge of a pseudo-median 
graph belongs to a triangle or not. An edge of the latter sort gives rise to two 
complementary gated subgraphs. In the concluding section we combine the 
results of Sections 3 and 4 to establish the main theorem on the 
amalgamation/decomposition f finite pseudo-median graphs. 
2. Basic facts 
We commence with some simple observations. It is immediate from the 
definitions that a graph is median if and only if it is pseudo-median and triangie- 
free. In [ll] quasi-median graphs were introduced and studied (being another 
natural generalization of median graphs). Now a grap& is pseudo-median without 
K4 minus an edge if and only if it is quasi-median with quasi-medians of size at 
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most 1 (see [ll]). Recall that the Cartesian product of two graphs G and H is the 
graph G x H with vertex-set V(G) X V(H), where two vertices are adjacent 
whenever they have equality in one coordinate and adjacency in the other. The 
n-cube Q,, for instance, IS the Cartesian product of n copies of K2. Note that the 
Cartesian product of a median graph and a pseudo-median graph is again a 
pseudo-median graph. 
An indispensable notion in metric graph theory is that of the interval function I 
of a graph (see [11] for an extensive study). The interval I(u, v) between two 
vertices u and v consists of all vertices on shortest (u, v)-paths (the set of all 
vertices between u and v), that is 
I@, v) = iw 14 u, w) + d(w, v) = d(u, v)}. 
A set W of vertices is convex if I(u, v) c W for all u, v E W. The family % of 
convex sets of a graph G satisfies the axioms of a general convexity (cf. [ 12]), that 
is, the empty set and the vertex-set of G are convex, and % is closed under 
artibrary intersections and unions of chains ordered by inclusion. As usual the 
convex closure of a set S is the intersection of all convex sets containing S. The 
neighbourhood N(u) of a vertex u is the set of all vertices adjacent to u. For 
convenience, we will not always distinguish between a subset S of vertices and the 
subgraph induced by S. From the context it will b e cte~r what is meant in each 
case. 
Before we proceed with pseudo-medizn graphs, we consider a more general 
class of graphs. A pseudo-modular graph is a graph such that, for every triple 
u, v, HP of vertices, there exists either a vertex between each pair of them (if their 
associated istance sum is even) or a triangle whose edges lie between the three 
pairs of u, v, w, respectively (if their distance sum is odd). So, loosely speaking, a 
pseudo-modular graph is a ‘pseudo-median’ graph where uniqueness of (pseudo-) 
medians is not required. These graphs were introduced in [5] as a common 
generalization of quite a number of classes of graphs. To establish pse :do- 
modularity it is not necessary to check all triples u, v, w as is stated in the 
following result [S, Proposition 41: A connected graph G is pseudo-modular if and 
only if, for any three vertices u, v, w of G with 1~ d(v, w) 6 2 and d(u, V) = 
d(u, w) = k 2 2, there exists a vertex x adjacent to both v and w with d(u, X) = 
k- 1. 
We use this result in our basic characterization of pseudo-median graphs in 
Theorem 1. In Fig. 3 we depict the four smallest pseudo-modular graphs that are 
not pseudo-median. 
meorem 1. For a connected graph G, the following conditions are equivalent: 
(i) G is a pseudo-median graph, 
(ii) G is a pseudo-modular graph and none of the graphs in Fig. 3 is an induced 
subgraph of G, 
(iii) if 1 d d(v, w) s 2 and d(u, v) = d(u, w) = k > 2, for vertices u, v, w of G, 
then there is a unique vertex x adjacent to v and w with d(u, x) = k - 1. 
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Fig. 3. Pseudo-modular graphs with multiple (pseudo-)medians. 
Proof. (i) implies (ii): This is obvious. 
(ii) implies (iii): Let u, v, w be vertices with 1~ d(v, w) d 2 and d(rr, v) = 
d(u, w) = k 2 2. Then by Proposition 4 of [5], we infer the existence of a vertex x 
adjacent to v and w with d(u, x) = k - 12 1. Assume the there exists a vertex y 
distinct from x adjacent to both v and w with d(u, y) = k - 1. Then, by 
Proposition 4 of [5], there is a vertex z adjacent to x and y with d(u, z) = k - 2. 
But now the vertices v, w, X, y,z induce one of the forbidden graphs of Fig. 3. 
Hence we conclude that x must be the unique vertex satisfying the conditions in 
. . . 
( ) 111 . 
(iii) implies (i): First note that, b y th e uniqueness)of the vertex x in (iii), the 
four graphs of Fig. 3 are all forbidden. By Proposition 4 of [S], G is a 
pseudo-modular graph, and thus every triple of vertices has a median or 
pseudo-median. So we only have to prove uniqueness of pseudo-medians. 
Assume the contrary, and let u, v, w be a triple of distinct vertices in G having 
two distinct pseudo-medians uch that d(u, v) + d(v, w ) + d( w, u) is as small as 
possible. Since the graphs of Fig. 3 are forbidden, u, v, w must be mutually 
non-adjacent. Let X, y, z and x’, y ‘, z’ be two distinct pseudo-medians of u, v, w. 
Without loss of generality we may assume x # x’. Then, because of minimality , 
we have 
qu, x) r-l I&, x’) = {u}. 
Note that d(u, x) - d(u, x’) 2 1. Let u, be a neighbour of u in I(u, x), and let ux, 
be a neighbour of u in I(u, x’). Then, clearly, 1 c d(u,, ux,) s 2, and moreover, 
d(v, uJ = d(v, u,,) = d(v, u) - 12 1. 
Hence there is a (unique) vertex p adjacent to u, and u,, with 
d(v, p) = d(v, uJ - 1 = d(v, u) - 2. 
Similarly, there is a (unique) vertex q adjacent to u, and u,, with 
d(w, q) = d(w, u,i - 1 = d(w, u) - 2. 
Now, if p # q, then one of the graphs of Fig. 3 arises. So p = q, and moreover, 
d(u, v) a 3 and d(u, w) a 3. It follows that p E I(u, v) n P(u, w), whence any 
pseudo-median of p9 v, w is also a pseudo-median of u, v, w. Let x,,, yp, zp be a 
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pseudo-median of p, v, w. Since X, y, z and x’, y’, z’ are two distinct triples, we 
may assume, without loss of generality that xP, y,,, zP is distinct from X, y, z. But 
now the triple u,, v, w has two distinct pseudo-medians, viz.: X, y, z and 
xP, yp, zp v while 
d(u,, v) + d(i, w) + d(w, uJ = d(u, v) + d(v, w) + d(w, u) - 2, 
which contradicts our minimality assumption on u, v, w. This concludes the proof 
of the theorem. Cl 
The following lemma indicates the central role of snakes, wheels, and complete 
graphs minus a matching in the study of pseudo-median graphs. 
Lemma 2. Let G be a graph having none of the graphs of Fig. 3 as an induced 
subgraph. Then, for any vertex u of G, every component of the neighbourhood 
N(u) of u is either a path, or a circuit, or a complete graph minus a matching. 
Proof. Let H be a component of N(u). First suppose that there exists an induced 
path P of length 3 in H. If some vertex x in H outside P is adjacent to an inner 
vertex of P, then x must be adjacent to the two neighbours on P of’ this inner 
vertex, for otherwise, we would get the second or fourth of the forbidden 
subgraphs of Fig. 3. Hence x must be adjacent to all four vertices of P. Now, 
u, x, and P minus an inner vertex give the fourth forbidden subgraph. Hence any 
vertex of H outside P can be adjacent at most to the two end vertices of P. From 
this argument it follows that H is either a path of length at least 3 or a circuit of 
length at least 5. 
Now assume that H does not contain any induced path of length 3 (whence H is 
a cograph in the sense of [6]). Suppose that H is not a complete graph minus a 
matching. Then we can find vertices v, w, x in H such that x is not adjacent to 
either v or w. Since the largest distance in H is 2, we can find a common 
neighbour y of x and v . If y is adjacent o w, then u, v, w, X, y induce the sec. ond 
or fourth graph of Fig. 3. So y and w are not adjacent. Let z be a common 
neighbour of x and w. Now if y and z are not adjacent, then y --)x * z --) w is an 
induced path of length 3. So y and z are adjacent. But then u, w, X, y, z induce 
the fourth forbidden subgraph. So it follows that H is a complete graph minus a 
matching. Cl 
We close this section with two useful lemmata. In Fig. 4 we depict the graph 
called the /rouse and the graph K2 x KS. 
Lemma 3. Let s, t, u, v, w be vertices of a pseudo-median graph such that s, t, u 
induce a triangle, s is the unique vertex of the triangle adjacent to v, and t is the 
unique vertex of the triangle adjacent to w. Then v and w are not at distance 2. 
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Fig. 4. The house and K, x K,. 
Proof. Assume to the contrary that d(v, w) = 2. Then, by pseudo-modularity, 
there is a common neighbour x of u, v, w. Now x is not adjacent to eithe, s or t, 
for otherwise we get one of the forbidden induced subgraphs. So we have 
d(s, w) = d(s, X) = 2, from which we infer the existence of a common neighbour y 
of s, w, and x. Then y must be adjacent to u and v, for otherwise, the vertices 
s, u, v, X, y induce one of the forbidden subgraphs. Now, however, the vertices 
s, t, u, w, y induce a forbidden subgraph. 0 
Lemmta 4. The convex closure of a house in a pseudo-median graph G is a 
K,x KS. 
This lemma follows by repeated application of Theorem 1 and Lemma 2. 
3. House-free pseudo-median graphs 
It makes an essential difference for the local structure of a pseudo-median 
graph whether an edge is in a triangle or not. As remarked above, the 
triangle-free case is just the median case. It turns out that a triangle edge and a 
nontriangle edge meet either in a house or in a triangle with a pendant edge. In 
this section we concentrate on the house-free case. Naturally, a house-free graph 
is a graph without an induced house. 
Proposition 5. Let G be a 2-connected pseudo-median graph. Then G is house-free 
if and only if either all neighbourhoods are edgeless or all neighbourhoods are 
connected. 
Proof. If all neighbourhoods are edgeless, then, trivially, G is house-free. So let 
all neighbourhoods in G be connected. Assume that there is an induced house 
H=u~x~v~y-,u~x-,z-,uinG. SinceN(u)isconnected,wecanfinda 
path in N(u) between x and y. We may assume that among the induced houses in 
G we have chosen the house H and the vertex u of degree 3 in M such that the 
length of a geodesic in N(u) between the two neighbours of cr in the 4-circuit of H 
is as small as possible. Let P be an (x, y )-geodesic in N(U), and let w be the 
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neighbour of x on P. Then, by Lemma 4, w cannot be adjacent to 21 or y. So the 
4-circuit u + x --$ v + y --, u together with w induces a house in G. NOVV, by 
Lemma 4, there exists a vertex t adjacent to U, y, and w but not to x or u or any 
neighbour of u other than y or w. Moreover, w and y cannot have any common 
neighbour other than t and u. Hence we have a house in G induced by 
X, u, t, y, w, and a (w, y)-geodesic P’ = w + l l l P l l 9-y in N(u) of length one 
less than the length of P. This contradicts the minimality of P. Thus we conclude 
that, if all neighbourhoods in G are connected, then G is house-free. 
To prove the converse, first assume that there exists a vertex u in G having a 
disconnected neighbourhood with non-trivial components. Since G is 2- 
connected, between any two components of N(u) there exists a path in G - u. 
Let P=x+xI+ l . 0+x, be a path in G -u, where x is in a non-trivial 
component A of N(u) and z,, is in a component B of N(u) distinct from A, such 
that the length of P is as small as possible under these conditions. Note that 
n 3 2. Because of minimality of P no internal vertex of P is adjac-?nt o u, and in 
particular, we have d(u, x1) = 2. 
First we will show that II = 2. Assume to the contrary that n 2 3. Let i be the 
smallest index such that 
d(u, x,+~) s i + 1. 
Then, since d(u, xi) = i + 12 2, we have 
i 6 d(u, xi+l) G i + 1. 
Note that, since i al andrza3, wehaven-ia 13~~1 22, and so i+ l<rz, that 
is, xj+l is not adjacent to u. We consider two cases. 
Case 1: d(u, x~+~) = i. 
Then we can find a vertex z adjacent to Xi-1 and Xi+1 with d(u, t) = 
d(u,xi+J-l=i-1. Note that z#u. Let Q=u-,u,*=.=+z be a geodesic 
between u and z. Now, 
are paths shorter than P. Since u1 cannot be simultaneously in A and in B, we 
itave a situation conflicting with the minimality of P. 
Case 2: d(u, Xi+*) = i + 1. 
Then we can find a vertex z adjacent to xi and xi+1 with d(u, z) = d(u, x~+~) - 
l=i. Note that z#u. Let Q=u+u,+*. .+ z be a geodesic between u and z 
in G. Then 
XIX,+ ...P..~xi_,z_,...Q.~~3u, 
and 
u~--~**.Q**~~Z~X~+~--,***P**~-,X, 
are paths shorter than P. Since u l cannot be simultaneously in A and in B, we 
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have a situation conflicting with the minimality of P. This settles Case 2, and we 
have thus shown that n = 2. 
Let y be a neighbour of x in A. Then y is adjacent to u but not to x2. 
Furthermore:, y cannot be adjacent to x1, for otherwise one of the forbidden 
subgraphs would occur in G. But now we have created a house with 4-circuit 
u +x+x1-)x2+ u and triangle u +x-y + u, giving a contradiction. There- 
fore every neighbourhood in G is connected or edgeless. Now, as G is connected, 
either all neighbourhoods in G are connected, or all neighbourhoods are 
edgeless. Cl 
Lemma 6. Let G be a 2-connected pseudo-median graph. Then every edge of G is 
in a triangle if and only if all neighbourhoods are comxted. 
Proof. First let all neighbourhoods of G be connected. Let uv be an arbitrary 
edge of G. Since G is 2-connected, u must have a neighbour distinct from v. 
Now, because N(u) is connected, the edge uv is in a triangle. 
Conversely, let every edge of G be in a triangle. By Proposition 5, it suffices to 
show that G is house-free. Assume that G contains an induced house with 
4-circuit u -9 v --?r w + x + u and top y adjacent to u and X. Now the edge UE is in 
a triangle, say z is adjacent to u and v. If z were adjacent to any other vertex of 
the house, then z would have been in the convex closure of the house, which is 
impossible according to Lemma 4. But then u, X, y induce a triangle having two 
pendant vertices w and z with d(w, z) = 2. Hence, by Lemma 3, we have a 
contradiction, which concludes the proof. D 
In order to distinguish between the various types of edges in a snake, we call an 
edge on two triangles, a rib, and an edge incident with a vertex of degree two a 
terminal edge. The number of triangles in a snake (which is called its length) 
equals the number of ribs plus one. 
Proposition 7. Let G be a pseudo-median graph with at least three vertices, Then 
every edge of G is in a triangle if and only if every block of G is either a wheel, or 
a snake, or a complete graph with at least 5 vertices minus a matching. 
Proof. The ‘if’ part of the proposition is evident. 
Let every edge of G be in a triangle. Then, by Lemma 6, we know that in all 
blocks of G all neighbourhoods are connected. Moreover, by Proposition 5, all 
blocks are house-free. Let H be a block of G. Note that H contains at least three 
vertices. By Lemma 2, any neighbourhood in H is either a path or a circuit or a 
complete graph minus a matching. We distinguish three cases. 
Case 1: For some vertex p of H =he neighbourhood in H is a circuit of length 
n 35. 
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Let q+V2+-*+& + v1 be the neighbourhood of p in H. We will show 
that H is the wheel induced by 1~ and its neighbourhood in H. Assume the 
contrary, then we can find a vertex in H not on the wheel adjacent to some vertex 
on the wheel, say to v 2. Since AQ2) is connected, we can find a vertex x not on 
the wheel adjacent to v2 and to one of the neighbours of v2 on the wheel, say v3. 
By Lemma 3, we know that x must be adjacent to v1 or v4, say to ~4. Now 
p, Q, v2, v4, and x induce a house or a forbidden subgraph. This impossibility 
settles Case 1. 
Case 2: For some vertex p in H the neighbourhood in H is a path 03’ length at 
least 3. 
Then p and its neighbourhood in H form an induced snake of length at least 3. 
Let S be a maximal induced snake in G containing p and its neighbours in H. 
Then S has length at least 3 and S is contained in H. We will show that S is all of 
H. Assume the contrary, that is, there exists a vertex in H not in S adjacent to 
some vertex v of S. Since all neighbourhoods in H are connected, it follows that 
we can find a vertex x in H \S that is adjacent to some neighbour w of v in S. I[t is 
convenient o consider some subcases. 
Subcase 2.1: VW is a rib of S. 
Note that, since the graphs of Fig. 3 are forbidden in G, it follows that 
whenever a vertex is adjacent o both ends of the rib of a K4 minus an edge, then 
it must be adjacent to all four vertices of this K4 minus an edge. Consequently, 
whenever a vertex is adjacent to both ends of a rib of some snake, then it is 
adjacent to all vertices of that snake. So x is adjacent to all vertices of S, and in 
particular to p. Hence x is in S, which contradicts our assumption. 
Subcase 2.2: VW is a nonterminal edge of s which is not a rib. 
Let u be the vertex of S on the triangle with VW. Then uv and uw are ribs of S. 
Let y be the vertex of S on a triangle with uv other than w, and let z be the vertex 
of S on a triangle with uw other than v. By Subcase 2.1, u and x are not adjacent. 
By Lemma 3, x must be adjacent to at least one of y and t. If x is adjacent to 
exactly one of y and z, say y, then u, w, X, y, z induce a house. Since this is 
impossible, we infer that x is adjacent to both y and z. But now u, v, X, y, z 
induce one of the forbidden graphs of Fig. 3, by which this subcase is settled. 
Subcase 2.3: x is adjacent to two vertices s and t of S at distance 2 on S. 
Let u be a common neighbour of s and t on S. Now if x is adjacent to u, then 
by Subcases 2.1 and 2.2. both su and tu are terminal edges. Hence the 
neighbourhood of u in H consists of the circuit formed by x and all vertices of S 
distinct from u. Since this circuit has length at least 5, we know from Case 1 that 
the block H containing u has to be a wheel with at least five spokes. This is, 
however, not possible because the neighbourhood of the vertex p in H is a path of 
length at least 3. So, x is not adjacent to any common neighbour of s and t ow S. 
Let y be the vertex on a triangle with su. If y is adjacent o t, then by the previous 
argument y may not be adjacent to X, and thus we have produced one of the 
forbidden graphs of Fig. 3. Therefore y is not adjacent to t, whence s, u, y, t, x 
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induce either a house (if y is not adjacent to X) or one of the graphs of Fig. 3 (if x 
and y are adjacent). Since this is impossible, Subcase 2.3 is settled. 
Subcase 2.4: VW is a terminal edge. 
Let w be the vertex of the edge VW of degree two in S. Since S is a maximal 
induced snake, it follows that x must be adjacent to some vertex of S other than v 
and w . Let y be a neighbour of x on S distinct from v and w with minimal 
distance in S to v. By the previous subcases, the distance in S between v and y is 
at least three. Let P = vO* vl+ l l l + v, be a geodesic in S between v = v. and 
y = v,. Then x is not adjacent to any internal vertex of P, and in particular, 
d(x, v,) = 2. Let i be the smallest index such that 
d(x, vi) = i + I. and d(x, vi+*) s i + 1. 
So the path P is ‘directed away’ from x up to the vertex ;vi, and i is the index of 
the point where the ‘first inflection’ is on P with respect to X. Note that i G fn. 
We may assume that among the geodesics in S between v and y we have chosen P 
to be one of which the index of its first inflection is as small as possible. If 
d(x, v~+~) = i, then let 7 be the vertex of G adjacent to vi-l and vi+1 with 
d(x, z) = d(x, v~+~) - 1 = i - 1. Then z is in H, and furthermore, the vertices 
Vi-l, vi, vi+19 and t induce a 4-circuit. Hence z is a vertex not in S adjacent to 
two vertices of S at distance 2 in S. By Subcase 2.3, this is impossible. So we have 
d(x, Vi+l) = i + 12 2. 
Let z be the vertex of G adjacent to vi and vi+* with d(x, z) = d(x, I_++,) - 1= i. 
Note that z is in H. Since i d in, and so vivi+, cannot be a terminal edge of S, the 
vertices vi and vi,1 are internal vertices of P, whence from Subcase 2.1 or 2.2 we 
get that z is in S. Let z’ be the neighbour in G of Vi-1 and z with 
d(x, z’) = d(x, z) = i - 1. Then Z’ is in H. In order that vi-l, Vi, Ui+l, Z, and z’ do 
not induce a house in H, we have that vi-l and z must be adjacent. But now the 
path ~~~*=P==~~v~_~-,z-,v~+~-,*.*P*==~y is a path in S between v 
and y having the same length as P. So it is a geodesic between v and y in S, of 
which the index of its first inflection is one less than that of P. This is in conflict 
with the choice of P, by which the last subcase of Case 2 is also settled. 
Hence we have proved that H coincides with the snake S. 
Case 3: No neighbourhood in H is a circuit of length at least 5 or a path of length 
at least 3. 
Note that, by Lemma 2, all neighbourhoods in H are complete graphs minus 
matchings. We will show that H itself is a complete graph minus a matching. Let 
u be a vertex of H. If there is no vertex at distance two from u , then H is induced 
by u and its neighbours, and clearly H is of the required form. Therefore assume 
that there is a vertex x in H not adjacent to u having v as common neighbour in H 
with u. Let y be a vertex of H on a triangle with uv. Since the neighbourhood of 
v in H is a complete graph minus a matching, it follows that x is adjacent to all 
neighbours of v in H n N(u). If there is some neighbour z of u in H not adjacent 
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to V, then this is the only neighbour of u in H not adjacent to V. Moreover, z is 
adj Icent to y. Since also the neighbourhood of y in H is a complete graph minus a 
matching, we get that x is adjacent o z, that is, x is adjacent to all neighbours of 
u in H. Hence u, its neighbours in H, and x induce a complete graph minus a 
mat hing. 
If there were another vertex x’ distinct from x in H at distance 2 from u, then 
as above it follows that x’ is also adjacent to all neighbours of u in H. But now 
u, v, y, X, and x’ induce a forbidden subgraph. So x is the unique vertex of H at 
distance 2 from u. Since H is 2-connected, this implies that H consists of u, its 
neighbows in H, and X. This settles Case 3, by which we have concluded the 
proof of the proposition. Cl 
Now we are in a position to settle the house-free case. 
Theorem 8. A connectcu graph G & a house-free pseudo-median graph if and 
only if every nontrivial block of G is either a 2-connected median graph, or a 
snake, or a wheel, or a complete graph minus a matching. 
Proof. First let G be a house-free pseudo-median graph. Let H be a nontrivial 
block of G. If every neighbourhood in H is edgeless, then, in particular, H is 
triangle-free and thus is a 2-connected median graph. Otherwise, by Proposition 
5, all neighbourhoods in H are connected, whence, by Lemma 6 and Proposition 
7, the block H is either a snake, or a wheel, or a complete graph minus a 
matching. 
Conversely, it is evident that with these blocks G is house-free. Let ul, u2, uf 
be an arbitrary triple of vertices. Then there is a block H in G intersecting all 
three intervals I(ul, u2), I(u2, u3), I&, u,). Let x be an arbitrary vertex in H. 
NOW, for i = 1, 2, 3, if Ui is in H, then set uf = ui, and if ui is not in H, then let uf 
be the unique cut-vertex of G in H n I(ui, x). Then u;, u;, u; are in H, and it is 
easily seen that the unique (pseudo-)median of ui, u;, us is also the unique 
(pseudo-) median of ul, u2, u3. Cl 
We need some notions to give specializations of Theorem 8. An isometric 
sebgraph H of a graph G is a subgraph that inherits its distance function from G, 
that is, distances in H equal the corresponding distances in G. We call a graph 
hereditary pseudo-median if all isometric subgraphs are pseudo-median. A graph 
G is distance-hereditary if every induced path in G is isometric (so that all induced 
subgraphs are isometric). The induced path convexity 9 of a graph G consists of 
all those subsets J of the vertex-set V for which every induced path in G between 
two vertices of J belongs to J. The convexity 9 is said to satisfy the separation 
axiom S4 if, for any two disjoint members I and J of 3, there exist complementary 
members W and V\ W of 9 (‘halfspaces’) such that I E W and J c V\ W (cf. 
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Fig, 5. The 3-sun and the domino. 
[2,13]). Finally, in Fig. 5 we depict two pertinent graphs, the 3-sun and the 
domino. 
Corollary 9 follows from Theorem 8 and the characterization of hereditary 
pseudo-modular graphs in [S]. Corollary 10 follows from Theorem 8, the 
characterizations of distance-hereditary graphs in [4], and the characterization of 
the induced path S4 convexities in [2]. 
Corollary 9. For a connected graph G the following conditions are equivalent: 
(i) G is a hereditary pseudo-median graph, 
(ii) G is a pseudo-median graph such that the house, the 5circuit and the 
t&circuit are not isometric subgraphs of G, 
(iii) G does not contain the house, the 3-su.n, any graph of Fig. 3, or any 
n-circuit (n 2 5) as an isometric subgraph, 
(iv) every block of G is either a 2-connected 3-cube-jree median graph, or a 
snake, or a wheel with at least six spokes, or a complete graph minus a matching. 
Corollary 10. For a connected graph G the following conditions are equivalent: 
(i) G is a distance-hereditary pseudo-median graph, 
(ii) G is a hereditary pseudo-median graph such that G does not contain the 
domino or the snake with three triangles as an isometric subgraph, 
(iii) every block of G is a complete graph rninptiV a matching, 
(iv) the induced path convexity of G satisfies S4. 
4. Gated sets 
As was mentioned in the introduction, the notion of convexity plays a 
fundamental role in the structure theory of median graphs. In the case of 
pseudo-median graphs we need a special class of convex sets, viz. that of tl~c 
gated sets. A subset S of vertices in a graph G is gated if, for every vertex x not in 
S, there exists a vertex x’ in S such that x’ E 1(x, y), for all y in S. Note that this 
vertex x’ must be unique. We call X’ the gate for x in S. A subset of S of vertices 
in G is called A-closed if, for every triangle having two vertices in S, all vertices 
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of the triangle are in S. Note that the family of gated sets as well as the family of 
A-closed sets of a graph satisfies the axioms of a general convexity (see the 
opening paragraphs of Section 2). The next lemma relates these notions for 
pseudo-modular graphs. Its proof is straightforward and left to the reader. 
Lema If. For a subset S of vertices of a pseudo-modular graph, the following 
conditions are equivalent : 
(i) S is gated, 
(ii) if v, w E S and d(v, w) 3 d(u, v) + d(u, w) - 1 for a vertex u, then u E S, 
(iii) S is convex and A-closed. 
In the sequel we use the following notation. Let G be a pseudo-median graph 
with vertex-set V. For an edge uv of G not belonging to any triangle, we write 
WU := {w E V 1 d(u, w) < d(v, w)}, 
WV := {w E V 1 d(u, w) > d(v, w)}, 
F l ={xy)xyedgeofGwithxinW,andyinW,}, u?! l 
UU := (w E WU 1 w end of an edge in F,}, 
uv := (w E wu 1 w end of an edge in F,}. 
We use the term cutset to designate a minimal disconnecting set of edges of G. 
The next theorem is fundamental in our study of pseudo-median graphs. The 
argumentation in the proof follows closely that of the proof of the median graph 
theorem in [lo-111. 
Theorem 12. Let G be a pseudo-median graph with vertex-set V, and let uv be an 
edge of G not in a triangle. Then Wu = V \ WV, and the sets Wu, WV, Uu, Uv are 
gated. Furthermore, Fuv is a cutset as well as a matching, and the mapping 
.f : Uu + Uv, defined b%p f(x) = y whenever xy E Fuv and x E Uu, is an isomorphism 
between the subgraphs of G induced by U_,, and Uu. 
Proof. For convenience, we split the proof into a number of steps. We use 
Theorem 1 in the sequel repeatedly without mention. 
Step 1: WLI = V\ WV. 
Clearly Wu n WV = 0. If there were some vertex w with d(u, w) = d(v, w) = k 3 
1, then the edge uv would have been in a triangle. Thus WU U WV = V. 
Step 2: Fuv is a cutset. 
It follows immediately from the definition of Wu and WV that these sets induce 
connected subgraphs of G. So, by Step 1, F, is a cutset. 
Step 3: If xy E Fuu with x E Uu, then d(x, u) = d(y, v). 
Since x E Wu and y E WV with x and y being adjacent, we have 
d(x, u) = d(x, v) - 1 s d(y, v) = d(y, u) - 1 Q d(x, u). 
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Step 4: Fu,, is a matching. 
Assume the contrary, and let, say, x E Vu be adjacent to two distinct vertices y 
and z in V.. J,et d(u, x) = k. Then, by Step 3, we have 
d(u, y) = d(v, z) = k. 
Here there exists a common neighbour w of y and z with d(v, w) = k - 1= 
d(v, y) - 1. Then, clearly, w E I(y, v) c WV. So d(w, u) = k. Note that we have 
d(u, y) = d(u, t) = k + 1. But now w and x are two distinct common neighbours 
of y and z with d(u, w) = d(u, X) = d(u, y) - 1 = d(u, z) - 1, which is forbidden. 
Therefore Fm is a matching. 
Step 5: If w E Vu, then I(w, u) c Vu, and if w E Vu, then I(w, u) c Vu. 
We prove the first assertion by induction on d(w, u). For d(w, u) d 1, the 
assertion is trivial. So assume that d(w, u) = k > 1, and let z be the neighbour of 
w in Vu. Then, by Step 3, we have d(w, u) = d(z, v) = k. Let x be any neighbour 
of w in I(w, u). Note that x is in Wu. Then 
d(x, z.!) = d(x, u) + 1 = d(w, u) - 1 + 1 = k. 
So there exists a (unique) vertex y adjacent to x and z with d(y, v) = d(z, v) - 
1 = k - 1. Clearlv, y is in I(t, v), and thus, by the definition of WV, y is in WV. 
Hence x is in Vu, and by induction, 1(x, u) c Vu. The second assertion follows 
likewise. 
Step 6: If xy E Fm with x E VU, then WX = WU and WV = WV, and thus VX = VU, 
V,,=U,, andF,=F,,. 
First let x be adjacent to u, so that, by Step 3, y is adjacent to v. Since WU and 
Wv partition V and Fu,, is a matching, the edge xy cannot be in a triangle. Then Wx 
and WY also partition V. By symmetry, it suffices to show that Wu E Wx and, 
likewise, Wu c WY. Choose a vertex w in WU, where d(w, u) = k = d(w, v) - 1. 
Then we have 
k-lsd(w,x)sk+i and ksd(w,y)sk+2. 
If d(w, x) = k - 1, then clearly w is in WX. If d(w, x) = k, then d(w, y)# k, 
because the edge xy is not in a triangle, whence w is in Wx. Finally, if 
d(w, x) = k + 1, then d(w, y) fk + 1, because xy is not in a triangle. Now if 
d(w, y) = k, then u and y would be two distinct common neighbours of x and u 
with d(w, u) = d(w, y) = k = d(w, x) - 1 = d(w, v) - 1. So we have d(w, y) = 
k + 2, and again it follows that w is in WX. We conclude that WU c WX. 
Using Step 5, we deduce the general case d(x, u) 2 1 by induction on d(x, u). 
Step 7: The sets Vu, Vu, WU, and WV are convex. 
We prove the convexity of Vu. Let x and w be vertices of VU, and let y be the 
neighbour of x in Vu. Then, by Step 6, we have VX = VU and VY = Vu. Hence, if 
we replace u by x, then it follows from Step 5 that I(w, x) E Vx = V,,. Therefore 
Vu is convex. Likewise, Vu is convex. This implies that also Wu and WV must be 
convex. 
176 H.-J. Bandelt, H. M. Mulder 
Step 8: The sets U,,, Uv , Wu, and WV are gated. 
By Step 7, it suffices to prove that these sets are A-closed. Let x, w, s induce a 
triangle with x and w* in U,,. Let y be the neighbour of x in UV and z be that of w 
in UV . Then the vertices X, y, w, z, s induce a house in G. Let t be the common 
neighbour of s, y, and z in the convex closure of this house. Then, since FW is a 
matching, s E Wu and t E WV, whence s is in Q,, and so Uu is A-closed. Likewise, 
Uv is A-closed. This implies that also Wu and WV are A-closed. 
Step 9: The mapping f : Uu + U,, is an isomorphism between the subgraphs 
induced by U,, and Uv. 
Since I;L(u is a matching (Step 4), the mapping f is bijective. Let x, w be vertices 
of Uu. By Step 6, the result of Step 3 still holds when we replace u by x and v by 
f(x). So we have d(x, w) = d(f (x), f(w)), and thus f is an isomorphism. This final 
step concludes the proof. Cl 
Let us mention two facts from the proof and the theorem seperately, that are 
used in the last section. 
Corollary 13. Let G be a pseudo-median graph, and let uv be an edge of G not in 
a triangle. Then Fccu is a perfect matching in the subgraph of G induced by U,, U Uv, 
and this subgraph is isomorphic to the Cartesian product of K2 and the subgraph 
induced by Uu. 
CoroIIapv 14. Let G be a pseudo-median graph. Then the matchings Fm, where uv 
is an edge not in a triangle, partition the edges of G that do not belong to triangles. 
A set of vertices W of a graph G is said to bigated if W as well as V \ W are 
gated sets. The empty set and the vertex-set V are the trivial bigated sets. The 
next two facts give some basic information on bigated sets in pseudo-median 
graphs. They follow easily from Theorem 12. 
Proposition l5. Let G be a pseudo-median graph. Then the nontrivial bigated sets 
of G are precisely the sets Wu and WV, where uv is an edge of G not in a triangle. 
If W is a bigated set in G and F is the set of edges between W and V\ W, then 
we call F a bigated matching. That this name is properly chosen is also shown by 
the following proposition. 
Proposition 16. Let G be a pseudo-graph with vertex-set V. Let F be a cutset in G 
separating V into W and V \ W and containing an edge uv with u in W such that u 
k a gate for v in W and v is a g gte for u in V \ W. Then W is a bigated set, and F is 
a bigated matching. 
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5. Amalgamation 
Now, relying on the results of the previous sections, we are able to prove an 
amalgamation theorem for pseudo-median graphs, generalizing the one for 
median graphs of Isbell [9], cf. [ 121. A graph G is said to be the amalgam of two 
gated subgraphs H and H’ if their union is G and their intersection is non-empty. 
Note that H n H’ is also a gated subgraph. We also say that G is obtained from 
the graphs H and H’ be amalgamation along the common gated subgraph H n H’ 
of H and H’. A pseudo-median graph is decomposable if it is the amalgam of two 
proper gated subgraphs, and indecomposable otherwise. For short, G is decom- 
posable when it is a proper amalgam. 
Proposition 17. Any amalgam of pseudo-modular graphs (or pseudo-median 
graphs, respectively ) is pseudo -modular (or pseudo -median, respectively ). 
Proof. Let G be a graph obtained by amalgamation of two pseudo-modular 
graphs H and H’ along a gated subgraph H n H’ of H and H’. Then H and H’ 
are gated subgraphs of G. Let u, v, w be a triple of vertices of G. If u, v, w 
belong to H (or H’ , respectively), then, evidently, the triple has a median or a 
pseudo-median in G. So assume that u, v are in H and w is not in H. Consider 
the gate w ’ for w in H. Then the triple u, v, w ’ has a median or a pseudo-median 
in H, and thus in G. It is easily seen that any median or pseudo-median of 
u, v, w’ is also one of u, v, w. Hence G is pseudo-modular. 
Next assume that H and H’ are. pseudo-median. Now, if a gated set contains 
three vertices of any graph of Fig. 3, then it must contain that graph as a whole. 
So none of the graphs of Fig. 3 can occur in G as an induced subgraph, whence, 
by Theorem 1, G is pseudo-median. 0 
For finite graphs, all our efforts culminate in the following theorem. Recall that 
Q,, is the n-dimensional hypercube. 
Theorem 18. A finite graph is pseudo-median if and only if it can be obtained 
from indecomposable pseudo-median graphs by a sequence of amalgamations 
along gated subgraphs. A finite pseudo-median graph G is indecomposable if and 
onlyifG=HxQ,, wheren-, =- 0 and H is either a snake or a wheel or K,,, minus a 
matching with m = 1 or m 2 5. 
Proof. The first assertion is evident from the preceding proposition. 
Let G be a finite pseudo-median graph. First assume that G = H x Q, (n 2 0), 
where H is of the prescribed type. Now, for any vertex w of the n-cube, if a gate2 
subgrapk G’ contains two vertices of H x {w}, then G’ contains all of !1 x (w}. 
Thus the Fated subgraphs of G are of the form H x Qk with 0 < k s n. Since no 
two nondisjoint proper subgraphs of this type cover G, it follows that G is 
indecomposable. 
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Conversely, let G be indecomposable. Suppose that there is an edge uv of G 
not in a triangle such that Fm is a non-perfect matching, i.e., UU is a proper subset 
of WU. Then, by Theorem 12, G is a proper amalgam of the two gated subgraphs 
of G induced by Wu and U#, U WV, respectively, along the gated subgraph induced 
by I&. Therefore G has no nonperfect bigated matchings. Let n be the number of 
perfect bigated matchings in G. We prove by induction on n that G is the 
Cartesian product of an rz-cube and a subgraph H, every edge of which is in a 
triangle. According to Corollary 14, the edges that are not triangles are 
partitioned into bigated matchings. So for tz = 0 there is nothing to prove, and for 
n = 1, the assertion follows immediately from Corollary 13. So assume that n > 1, 
and choose any perfect bigated matching F between bigated sets U and 
V(G) - U. Note that, for any gated set S and for any bigated set W in a graph, 
W n S is bigated in the subgraph induced by S. So the subgraphs of G induced by 
U and V(G) - U are isomorphic pseudo-median graphs (cf. Corollary 13) having 
n - 1 perfect bigated matchings and no nonperfect bigated matchings. That is, by 
the induction hypothesis, they are both isomorphic to H x Qn_l where H is a 
pseudo-median graph, each edge of which is in a triangle. Then, by Corollary 13, 
we have G = H x Qn. Finally, if H has a cut-vertex, then H is a proper amalgam 
of two gated subgraphs H’ and H” along a vertex w, say. Then let G’ = H’ x Qn 
and G”= H” X Q,. Clearly {w} X Q, is a gated subgraph of G’ as well as G”. 
Since 
G = (H’ u H”) x Qn = (H’ x Q,) U (H” x Q,), 
we infer that G is the proper gated amalgam of G’ and G”. Since this is 
impossible, H has no cut-vertices and so it is a block (because G is connected). 
Therefore, by Proposition 7, the graph H is of the required type. El 
For infinite pseudo-median graphs in general the decomposition scheme 
suggested by Theorem 18 does not work. If an infinite pseudo-median graph G 
has only finitely many bigated sets, then it still admits a convenient decomposition 
procedure using only finitely many amalgamations, as will be explained next. Let 
G be an amalgam of two graphs G1 and G2 along a gated subgraph Go = G1 n G2. 
Then replace Go by two copies Gh G’;, such that for each vertex v in Go its copies 
v ’ and v” are joined, and v ’ is joined to all neighbours of v in G, \ Go and v” is 
joined to all neighbours of v in GJG,,. The resulting graph H is thus the 
amalgam of copies of G1, Go x KZ, and Gz. We say that H is obtained from G by 
an expansion along the gated subgraph GO. Note that for median graphs this gives 
the ‘convex expansion’ studied in [lo-111. It is clear from Proposition 17 that any 
expansion of a pseudo-median graph along a gated subgraph yields a pseudo- 
median graph. On the other hand, let Fuu be a bigated matching associated with 
the bigated sets WU and IV,‘, in a pseudo-median graph G. Recall that the 
pseudo-median of any three vertices x, y, z lies entirely in either Wl, or Wt, 
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Fig. 6. A pseudo-median graph. 
depending on whether the majority of X, y,z lies in WL or WV, respectiveiy. Hence 
the graph G obtained by collapsing the edges in Fm has the same property, and 
thus is pseudo-median. Furthermore, a single expansion of G yields G again. 
Therefore Propositions 7, 15 and the proof of Theorem 18 lead to the concluding 
result. 
Coroky 1.9. A graph G is a pseudo-median graph containing only finitely many 
bigated sets if and only if G can be obtained by a (finite) sequence of expansions 
along gated sets from a graph each block of which is either a wheel or a snake or a 
complete graph minus a matching. 
We conclude the paper with Fig. 6 which depicts a ‘typical’ pseudo-median 
graph. 
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